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Summary
The strain formulation in elasticity and the compatibility condition in structural mechanics have neither been understood nor have they been utilized. This shortcoming prevented the formulation of a direct method to calculate stress and strain, which are currently obtained indirectly by differentiating the displacement. We have researched and understood the compatibility condition for linear problems in elasticity and in finite element structural analysis. This has led to the completion of the "method of force" with stress (or stress resultant) as the primary unknown. The method in elasticity is referred to as the completed Beltrami-Michell formulation (CBMF), and it is the integrated force method (IFM) in the finite element analysis. The dual integrated force method (IFMD) with displacement as the primary unknown has been formulated. Both the IFM and IFMD produce identical responses. The IFMD can utilize the equation solver of the traditional stiffness method. The variational derivation of the CBMF yielded the existing sets of elasticity equations along with the new boundary compatibility conditions, which were missed since the time of Saint-Venant, who formulated the field equations about 1860. The CBMF, which can be used to solve stress, displacement, and mixed boundary value problems, has eliminated the restriction of the classical method that was applicable only to stress boundary value problem. The IFM in structures produced high-fidelity response even with a modest finite element model. Because structural design is stress driven, the IFM has influenced it considerably. A fully utilized design method for strength and stiffness limitation has been developed via the IFM analysis tool, and its merits and limitations are discussed. The method has identified the singularity condition in structural optimization and furnished a strategy that alleviated the limitation and reduced substantially the computation time to reach the optimum solution. The CBMF and IFM tensorial approaches are robust formulations because both methods simultaneously emphasize the equilibrium equation and the compatibility condition. The vectorial displacement method emphasized the equilibrium, while the compatibility condition became the basis of the scalar stress-function approach. The tensorial approach can be transformed to obtain the vector and the scalar methods, but the reverse course cannot be followed. The tensorial approach outperformed other methods as expected. This report introduces the new concepts in elasticity, in finite element analysis, and in design optimization with numerical illustrations.
Introduction
The theory of solid mechanics remained incomplete for more than one century. The deficiency pertained to the strain formulation in elasticity and the compatibility condition in structural mechanics. Our research has alleviated the deficiency. It is now complete for linear elastic problems. A veteran researcher should not be surprised over a deficiency in the strain formulation because some of the formulae and equations of the solid mechanics discipline were not completed in the first attempt, but were perfected eventually. For example, perfecting the flexure formulae required more than one century between Galileo, Bernoulli, and Coulomb (ref. 1) . Saint-Venant completed the shear stress formula that was initiated by Navier. Cauchy formulated the stress equilibrium equation that was also attempted by Navier in terms of displacement, but it contained only a single material constant instead of two (the rari-constant theory with one quarter for Poisson's ratio). Green (ref. 2) subsequently resolved the misconception. We have completed the strain formulation (ref.
3) that was initiated by Saint-Venant in 1860. The compatibility condition (CC) is a significant ingredient in the theory of solid mechanics. Without a CC, the discipline would degenerate into a few applied mathematics courses in the analysis of determinate systems. The CC makes solid mechanics a research discipline that is practiced in the academia and in major research institutions throughout the world. The seed of the compatibility condition is ingrained in Hooke's law, which forms the backbone of the theory of solid mechanics. The material law links stress {σ} and strain {ε} through the material matrix [κ] : {σ} = [κ]{ε} (1) Stress must satisfy the equilibrium equation (EE). Likewise, strain must satisfy the compatibility condition. That is, both stress and strain must simultaneously satisfy EE and CC, respectively, because one (stress) can be considered as a scaled version of the other (strain) and vice versa. Because stress is a tensor quantity (with six components), its calculation requires an additional three compatibility conditions in addition to the three equilibrium equations. The tensorial nature does not allow the calculation of stress only from equilibrium considerations, and stress became an indeterminate quantity. The concept of indeterminacy is applicable to an elastic continuum as well as to a skeletal structure and a finite element model. A problem, either in continuum elasticity or in discrete structural analysis, is indeterminate if the number of stress unknowns n exceed the displacements m. For example, a plane stress elasticity problem is one-degree indeterminate because there are three stresses, n = 3, and two displacements, m = 2, with a one-degree redundancy, r = n -m = 1. Stress determination can be represented by a symbolic equation that is obtained by coupling the equilibrium equation and the compatibility condition:
Equation (2) provides both necessary and sufficient condition to calculate a high-fidelity stress state. Stress, calculated by any means or method, must be qualified through a compliance of equation (2); otherwise, such a stress state is liable to be incorrect. That is, the fidelity of stress determined via the stiffness method (ref. 4) has to be verified through a satisfaction of equation (2) . Stress could not be calculated directly using equation (2) because the CC was not fully understood either in structures or in elasticity.
We have studied the CC in structures (ref. 5) as well as in elasticity (ref. 6) . The theory of solid mechanics is completed by adding the new information on the CC to the existing set of equations. The pie diagram in figure 1 graphically depicts the stress formulation and the strain formulation. Cauchy (1789-1857) developed the stress formulation during the first quarter of the 19th century. It contained both the field equations and the boundary conditions for an elastic continuum. Decades later, Saint-Venant (1796-1886) provided the strain formulation (ref. 7) but only in the field of the continuum (shown as the third quarter in the pie chart). The boundary portion (marked as the shaded fourth quarter in the pie diagram), identified as the boundary compatibility condition (BCC), was missed until its formulation in 1986 (ref. 3) . The compatibility concept in structures, developed through a "cut" and "close" gap technique, is not even parallel to the available strain formulation in elasticity. The understanding and use of some aspects of the CC, which remained immature, is depicted as the shaded fourth quarter in the pie chart.
Traditionally, solution to an indeterminate problem is obtained by utilizing the available information, contained within the unshaded three-quarter portion of the pie chart. Such approximate solution can be improved when information contained within the area of the entire pie diagram including the shaded area is utilized. The authors have formulated, verified, and utilized the additional information regarding the CC to solve problems. The available analysis methods for a solid mechanics problem are listed in table I. All analysis methods, including the flexibility method and the stiffness method, must satisfy both the EE and the CC; otherwise, the legitimacy of the predicted response can be questioned.
We have improved the direct stress calculation method and the associated variational formulation in the theory of solid mechanics. In elasticity, the new method (ref. 8 ) is referred to as the "completed Beltrami-Michell formulation" (CBMF), with stress as the primary unknown (see top row in table I). The CBMF is applicable to both stress and displacement boundary value problems. It has alleviated the limitation of the classical Beltrami-Michell formulation that was only applicable to the stress boundary value problem. The method in finite element structural analysis is called the integrated force method (IFM) with force as its primary unknown (ref. 9) . The IFM is an improvement over the classical flexibility method because the redundant concept of The CBMF and IFM methods listed in the first row in table I can be considered as tensorial approaches in analysis because their primary unknown is either stress or internal force, which is a stress resultant. The tensor approach emphasizes both equilibrium and compatibility concepts. The stiffness and Navier's displacement methods are vectorial approaches, which emphasize the equilibrium equation. The stress function approach is the scalar method, and the compatibility condition is its basis. The tensor approach can be specialized to obtain the vector and scalar methods, but the reverse course cannot be followed. For example, the equations of the new methods (IFM and CBMF) can be specialized to obtain the existing formulations of solid mechanics, such as Airy's formulation, the stiffness method, the hybrid method, and the total formulation, as listed in table I. Navier's formulation cannot be transformed to obtain the CBMF in elasticity. Likewise, the IFM variational functional π s can be specialized to obtain the potential energy and complementary energy functionals, but the reverse course cannot be followed.
Because structural design is stress driven, the IFM has become a useful tool in traditional fully stressed design as well as in design optimization. As it turns out, the IFM was devised to study the feasibility of full stress design in an indeterminate truss (ref. 12 ). An indeterminate truss cannot be fully stressed (ref. 13) . This paper introduces the new compatibility concepts in elasticity, finite element analysis, and design optimization. This is followed by a conclusion section. A list of symbols and acronyms used in this report is given in appendix A to aid the reader, and appendix B contains a bibliography on the method of force for an in-depth study by an interested reader.
Elasticity
The material law is the foundation upon which the theory of solid mechanics is built. This stress (σ)-strain (ε) law (eq. (1)) was formulated and interpreted by Hooke (1635-1703), Young (1773-1829), Poisson (1781-1840), and others. The material law contained the essence of structural analysis. The constraint imposed on stress became the stress formulation, or the EE. Likewise, the condition on the strain became the strain formulation, or the CC. The stress and strain formulations along with the material matrix [κ] given in equation (1) are sufficient for the determination of the stress state in an elastic continuum. The stress formulation is credited to Cauchy (1789 Cauchy ( -1857 , who has formulated the field equation and the boundary condition, also known as the traction condition. Saint-Venant (1797 -1886 developed the strain formulation, and it was rederived by Sokolnikoff in its popular form (ref. 7) . It was a general belief that the fundamental elasticity relations were known for over a century. The thrust, therefore, was to develop approximate techniques because a closed-form solution can seldom be generated for the vast majority of the elasticity problems. In elasticity, Airy's stress function technique (ref. 14) and Ritz's displacement formulation (ref. 15) are two popular methods. Airy's method is based on the compatibility concept, whereas Ritz's method utilized the equilibrium equation. Their equivalents in the theory of structure and finite element analysis became the flexibility and the stiffness methods, respectively.
We now discuss the incompleteness in the strain formulation, which is quite straightforward to comprehend. Consider Cauchy's stress formulation. It is complete because the treatment included the field as well as the boundary of an elastic continuum. In the field,
where τ ij is the stress tensor and b i is body force. On the boundary,
where n j is the direction cosine of the outward normal and p i is a traction component. Likewise, the strain formulation should have contained conditions in the field as well as on the boundary. However, it was formulated only in the field. The strain formulation in the field f cc for a plane elasticity problem can be written as 
where ε x , ε y , and γ xy = 2ε xy are strain components. Comparing stress and strain formulations we observe (1) Field equations are available for both stress and strain formulations (eqs. (3) and (5)).
(2) The boundary condition is available only for the stress formulation (eq. (4)) but not for the strain formulation.
The strain formulation remained incomplete since the time of Saint-Venant. That is, the theory of elasticity was incomplete since 1860. Because of this deficiency, the classical Beltrami-Michell formulation could not be used to solve an elastic continuum with a displacement boundary condition. The strain formulation on the boundary has recently been completed (ref. 3) . The boundary compatibility condition (BCC) for the plane stress problem can be written as BCC 0
where n x and n y are the direction cosines of the outward normal. With the BCC, the stress and strain formulations given above have parallel forms, each containing field equations (eqs. (3) and (5)), and boundary conditions (eqs. (4) and (6)). The addition of the new BCC has completed the Beltrami-Michell formulation in elasticity. The completed method can be used to solve all three types of boundary value problems in elasticity: the stress boundary value problem, the displacement boundary value problem, and the mixed boundary value problem. The triviality of the known strain formulation in the field (f cc (u,v) = I (u,v) -I (u,v) = 0, see eq. (5)) justified Navier's method, which is obtained by rewriting Cauchy's equilibrium equation in the displacement variables. Navier's method can satisfy the compatibility condition in the field but not on the boundary because the new BCC is not automatically satisfied when expressed in displacements (u and v):
The consequence of this noncompliance has to be investigated. The usefulness of the BCC is further investigated considering the CBMF in polar coordinates because this is a popular topic in the theory of elasticity.
CBMF in Polar Coordinates
The strain formulation (that includes the field and boundary CCs) is required in the theory of elasticity because both stress and strain are tensor quantities. A variational approach has to be followed to derive the strain formulation, along with other equations for a two-dimensional continuum in polar coordinates because the boundary compatibility condition cannot be generated from a nonvariational direct approach. The stationary condition of the IFM functional yields both the stress and the strain formulations as well as the displacement continuity condition-or all equations of the CBMF. Consider a plane elastic continuum with uniform thickness t in the (r, θ) polar coordinate system, as shown in figure 2 . It is made of an isotropic material with Young's modulus E and Poisson's ratio υ. It is subjected to external load ( r P and θ P ) along the boundary segment ( 1 ). On the remainder of the boundary ( 2 ), the displacements are restrained (
). Three stresses (σ r , σ θ , τ rθ = τ) and two displacements (u and v) are the unknowns of the problem. Three strains (ε r , ε θ , γ rθ = γ) can be calculated by scaling the stresses using Hooke's law. The stationary condition of the functional π s of the IFM (ref. 6) with respect to displacement and stress function yields both the stress and strain formulations as well as the displacement continuity condition. The functional has three terms A, B, and W as follows:
The term A(σ, u) represents the strain energy, expressed in terms of stress σ and displacement u. The term B(ε, ϕ) is the complementary strain energy written in strain ε and the stress function ϕ. The potential of the work done is W. The definitions of A, B, and W follow: 
The domain (D) has boundary 
The stress function ϕ is defined as 2 2 2 r V r r r
Details of the derivation are given in reference 6 and are not repeated here. The final expression of the stationary condition of the functional with respect to displacement and stress function has the following form:
The field EE and field CC are the coefficients of the variational displacement and stress function, respectively, in the surface integral terms of the functional in equation (12) . Likewise the boundary EE (or traction condition) and the new boundary CC are the coefficients of the variational displacement and stress function, respectively, in the line integral terms. The continuity conditions are the coefficients of the variational reactions. The CC becomes relevant when the variational stress function is nonzero (δϕ ≠ 0) or the domain is indeterminate. The CC should not be enforced on a determinate domain with δϕ = 0.
The field equations and boundary conditions of the CBMF recovered from the stationary condition of the variational functional are listed below. The CCs recovered in equation (12) are in strains, which are transformed into stress using Hooke's law. 
Boundary compatibility condition:
The kinematics boundary conditions are
where r and θ polar coordinates σ r , σ θ , and τ stress components ε r , ε θ , and γ strain components u and v displacements b r and b θ body forces r P and θ P tractions applied along boundary segment 1 u and v initial displacements along boundary segment 2 n r and n θ direction cosines of the outward normal 2.1.1 Verification of boundary compatibility condition.-Green's theorem is used for a quick verification of the new BCC. The BCC is inserted in the line integral coefficient to recover the well-known field CC in the surface integral term. The integral theorem in polar coordinates can be written as
where G r and G θ are the coefficients of direction cosines n r and n θ , respectively. The coefficients are defined for the CBMF as ( )
The surface integral terms are recovered as ( ) 
The right-hand coefficient in equation (18f) is the field CC. The compatibility concept applies to the field as well as to the boundary. The analytical form of the compatibility expression changes in compliance with the domain and the boundary. The same interpretation is true for Cauchy's field EEs.
The BCC written in displacements is not a trivial condition:
The field CC is a second-order differential equation in strains, while the boundary counterpart is a first-order equation. This characteristic is applicable to the stress formulation. The field EEs are first-order equations in stress, while the boundary (or traction) conditions are algebraic equations. The BCC is not a continuity condition in displacement. The BCC is an independent condition. It forms a new elasticity expression that was missed since the time of Saint-Venant.
2.1.2
Illustrative example: annular plate subjected to thermal load.-We will now illustrate the CBMF calculation strategy and the use of the BCC through the solution of a radially symmetrical annular plate with mixed boundary conditions for thermal load. Consider a plate made of an isotropic material with Young's modulus E and Poisson's ratio υ. It has thickness t (considered unity) with outer and inner radii of a and b, respectively, as shown in figure 3 . The inner boundary is fully restrained while the outer boundary is free to expand. The annular plate is subjected to a temperature distribution:
The temperature has a linear variation with values T a and T b at r = a and r = b, respectively. The coefficient of thermal expansion is α. The CBMF equations for the annular plate subjected to a thermal load are given below:
Equilibrium equations
Field:
Traction or boundary:
Compatibility conditions
Boundary:
The temperature term is contained explicitly in both field and boundary CCs (see eqs. (22a) and (22b)). The EE and CC in the field are rearranged to obtain the following two simple working equations:
The CBMF solution strategy has two distinct steps. First, the stress state is calculated from the field EE and CC given by equations (24a) and (24b), for the boundary conditions given by equations (21b) and (22b). The displacement boundary condition (given by eq. (23)) is not used to calculate the stress state. Pure displacement cannot induce stress. Only the derivative of displacement, which is strain, produces stress. The stress solution follows: 
Next, the displacement function is back-calculated by integrating the stress. The displacement boundary condition u = 0 at r = b is used to evaluate the integration constant. The displacement function is 
The numerical values of the response parameters for T a = 100 °C, T b = 50 °C, and α = 12×10 -6 /°C are (1) at r = a: σ r = 0 ksi, σ θ = -17.5 ksi, and u = 0.012 in.
(2) at r = b: σ r = 14.2 ksi, σ θ = -13.7 ksi, and u = 0 in.
The sum of the stresses σ r + σ θ = 18508 -1800r has a linear variation with respect to the r-coordinate because of a similar distribution of temperature (see eq. (20)). The solution steps in the CBMF are discussed in appendix C.
Treatment of Boundary Compatibility in Navier's Displacement Method
The displacement method of Navier is universally accepted, and it has been applied to solve many problems. It has field equations and an appropriate set of boundary conditions. Adding an extra BCC (see eq. (19) for example) may appear to hamper the method with an excessive number of boundary conditions for which no analytical solution can be generated. This observation is an aberration but has no serious implication. We discuss the BCC by solving a plate flexure problem because this is a popular example and its solution occupies a good portion of textbooks (ref. 16) . The rectangular plate is made of an isotropic material with Young's modulus E and Poisson's ratio υ, thickness t, and spans of 2a and 2c along x-and y-coordinate directions, respectively, as shown in figure 4 . It is subjected to a distributed transverse load q with a sinusoidal variation along the xcoordinate direction, while being uniform along the ydirection as 0 cos ( 2 )x a = π (27) The plate is simply supported in the x-direction along AD and BC, while it is clamped in the y-direction along AB and DC. The three moments M x , M y , and M xy and the single transverse displacement w are its response variables. The CBMF formulation for the plate flexure problem is obtained from the stationary condition of the IFM functional (ref.
3). The stationary condition yields three field equations in moment variables, containing one EE and two CCs: EE:
The three field equations are reduced to two by eliminating M xy between the two CCs. The working equations of the CBMF and the boundary conditions are listed below:
Field equations of the plate flexure problem in CBMF ( )
Boundary condition of the plate flexure problem in CBMF
Simply supported edges (AD and BC):
Clamped edges (AB and DC):
The field equation and boundary conditions of Navier's method, expressed in displacement (w), are as follows 
No explicit field CC because it is automatically satisfied in displacement.
Boundary condition in Navier's (or stiffness) method
Simply supported edges (AD and BC): In the CBMF, the kinematics condition w = 0 is not used to calculate the moments because it represents a rigid motion and does not induce moment or stress in the plate. During the back-calculation of displacement from moments, the CBMF method uses the rigid body displacement (w = 0) along the boundaries AB, BC, CD, and DA. The slope condition is not at all used in the CBMF. The field equations in the CBMF and the Navier's method are equivalent to a fourth-order equation. Each method has two boundary conditions at each edge. The boundary conditions are consistent with the order of the field equations for both methods. In other words, the new boundary compatibility conditions do not create an infeasibility issue. ( )cos
The CBMF moment (M x , M y , and M xy ) solution follows: 
The constants C 1 and C 3 are given by 
Identical solutions are obtained for displacement and moments by Navier's method.
Boundary conditions.-
The moment boundary conditions in the CBMF are expressed in terms of curvatures using the moment curvature relations to obtain equations (35) and (36). The CBMF boundary conditions, when expressed in displacement, do not identically map into the conditions of the displacement method (see eqs. (33) to (36)). In the CBMF, the boundary conditions are expressed in moments or curvatures, but in the displacement method these are written in moment, displacement, and slope. Consider for example, the simply supported boundary conditions along AD and BC. The CBMF method imposes zero-moment conditions M x = M y = 0 along the boundary. When expressed in displacement these become zero condi-
. The boundary conditions in the CBMF and displacement methods appear to be different. The same logic applies to the clamped boundary. In the CBMF, conditions are expressed in curvatures
, while they are in terms of displacement and slope in Navier's method
is the same by either formulation because the boundary conditions of the two methods can be shown to be equivalent. This is explained next. For simply supported boundaries along AD and BC (x = -a and x = a, and -c ≤ y ≤ c), the displacement can be differentiated with respect to the y-coordinate without any consequence because the displacement is uniform across this boundary. 
For clamped boundaries along AB and DC (y = -c and y = c, and -a ≤ x ≤ a), we can differentiate the slope and displacement with respect to the x-coordinate. 
The boundary conditions become equivalent in Navier's and the CBMF methods. Thus both methods produce an identical response. The equivalence concept may become invalid if the rigid (or uniformity) condition (used in eqs. (40) and (41)) is not allowed, such as along a flexible finite element interface (ref. 17) . All boundary conditions, including the continuity conditions, should be examined for equivalence between the CBMF and displacement method. A comprehensive comparison is not included in this paper because it requires substantial discussion.
Summary on Elasticity
In the theory of linear elasticity, Navier's method solved all three types of boundary value problems in elasticity, whereas the classical Beltrami-Michell formulation could not solve the second and third boundary value problems. In other words, the classical theory of elasticity was incomplete. Love's statement below was applicable only to the stress boundary value problem (ref. 14): "It is possible by taking account of these [compatibility] relations to obtain a complete system of equations [Beltrami-Michell Formulation] which must be satisfied by stress components, and thus the way is open for a direct determination of stress without the intermediate steps of forming and solving differential equations to determine the components of displacements." A telltale sign pointing to the incompleteness was ignored. The BCC has alleviated the limitation of the classical Beltrami-Michell formulation. The completed method, CBMF, can solve all three classes of boundary value problems in elasticity. However, we might have exposed a new issue: for example, for a plate flexure problem, the boundary condition should be imposed on moments in the CBMF, which translates to curvatures in displacement method instead of the popular slope condition. Resolution of the issue requires further research.
Structures
The traditional compatibility condition in structures was formulated through a concept of redundant force. The CC was improvised by cutting a redundant member and subsequently closing the gap. The process automated by Denke (ref. 18) was referred to as "structure cutter." The fictitious "cut" and "close" gap technique is not even parallel to the then available strain formulation in elasticity. The force method based on the concept of redundant forces has disappeared for all practical purpose because it was clumsy and could not be extended to dynamic and buckling analyses (ref. 19) . We have extended the strain formulation to structures (ref. 20) . The CCs thus obtained are added to the equilibrium equation. This method with force as the primary variable is referred to as the "integrated force method" (IFM) (ref. 5) . The IFM bestows simultaneous emphasis on the EE and the CC. Conceptually, the CBMF and IFM are parallel formulations in elasticity and in structures, respectively. To utilize the vast resources that have been developed for the regular stiffness method, like equation solver as well as preand postprocessors, a dual method to the primal IFM has been formulated. The dual integrated force method (IFMD) (ref. 11) with displacement as the primary unknown is obtained by transforming the equations of the IFM. Governing equations of the IFMD are symmetrical and resemble the stiffness equation in size and form. Both the IFM and IFMD produce an identical response. The IFMD can utilize the equation solvers of the popular stiffness method. In fact, a stiffness method code can be converted into IFMD software with minimal programming effort.
The formulation of the CC and IFM are introduced here through a simple example. Then the equations of the IFM and IFMD are given. Fidelity of the IFM and IFMD solutions is discussed.
Illustrative Example
The basic steps of the IFM that included the CC are introduced, considering the example of the three-bar truss shown in figure 5 . The truss is made of steel with Young's modulus E = 30 000 ksi, bar areas A 1 = A 2 = 1.0 and A 3 = 2.0 in. 2 , and load P x = 50 and P y = 100 kip. The n = 3 bar forces F 1 , F 2 , and F 3 and the m = 2 displacements X 1 and X 2 are its five response variables. The structure has m = 2 equilibrium equations, which are written at the free node 1:
Here, [B] is the rectangular equilibrium matrix of dimension m×n, {F} is the n-component force vector, and {P} is the m-component load vector. Three forces cannot be determined from the two EE. One CC is required. This is obtained as an extension of the strain formulation in elasticity to structures (ref. 20) . The CC is generated in three steps. First, the deformation-displacement {β}-{X} relation (DDR) is obtained as {β} = [B] T {X}. Then displacements are eliminated from the DDR to obtain the CC in terms of deformations. Finally, the deformations are eliminated in favor of bar forces using the flexibility relationship to obtain the CC in forces.
The DDRs {β} = [B] T{X} that are analogous to the strain displacement relation in elasticity follow:
Here, β 1 , β 2 , and β 3 are the bar deformations, and X 1 and X 2 are nodal displacements. The CC is obtained by eliminating the two displacements from the three strain displacement relations:
Here, [C] is the r×n (where r = n -m) compatibility matrix, and {δR} is the r-component initial deformation vector for the problem; for a mechanical load, {δR} = 0. The CC ([C]{β} = 0) is analogous to the strain formulation in elasticity.
The deformations are related to the forces {β} = [G]{F} through the flexibility matrix [G] of dimension n×n:
The CC is expressed in forces by eliminating deformation between equations (42d) and (42f):
The 
Solution to equation (42i) 0.143 100 2 0.110
The generalization of the calculations shown for the threebar truss became the IFM. The IFM, which is the discrete analogue of the CBMF, simultaneously emphasized the EE and the CC. The IFM was not developed earlier because the CC was not available.
Equations for the Integrated Force Method
In the IFM of analysis, a finite element model, is characterized by two attributes: n forces {F} and m displacements {X}. The IFM has one set of equations to calculate the internal forces and another set to back-calculate the displacements. The IFM equations for static and free-vibration (or frequency) analyses are as follows:
where 
Calculation of displacement mode shape in frequency analysis can use the displacement calculation formula given by equation (44) n×n IFM governing matrix [B] m×n equilibrium matrix [C] r×n compatibility matrix [G] n×n flexibility matrix [J] m×n displacement coefficient matrix [M] m×m mass matrix m number of displacement unknowns n number of force unknowns ω circular frequency
Dual Integrated Force
Method.-Solution of a symmetrical set of equations is very well developed, especially because of its use in the finite element stiffness method. Furthermore, the Patran pre-and postprocessing software (MSC.Software Corporation) is a very useful analysis tool. The IFM can benefit from the solver and the software, provided the IFM equation can be cast in the format of the stiffness method. This has been achieved, and the method is referred to as the dual integrated force method (IFMD). The equations of the IFMD are obtained by mapping forces into displacement (ref. 11) . Like the IFM, the dual method also has two sets of equations. The first set is used to calculate displacement, while the second set backcalculates forces. The primal and dual methods produce identical solutions for force, displacement, and frequency. The equations of the IFMD follow: [G] , which is maintained in a pristine state in both the primal and the dual methods. This makes the calculation of design sensitivity straightforward via the IFM and IFMD.
Other methods.-
The matrices of the IFM can be used to formulate the mixed method and the total formulation of structural mechanics given in table I. The reverse course cannot be followed. For example, the equations of the stiffness method cannot be transformed to obtain the IFM. However, the IFM equations were specialized to obtain the IFMD, which in essence is the displacement method. Likewise, the mixed method and the total formulation can be constructed from the IFM equations.
Mixed method:
The mixed method treats force {F} and displacement {X} as the simultaneous unknowns. The governing equation of this method is obtained by concatenating the two IFM equations as
where [I] is the identity matrix.
Total formulation:
The total formulation considers force {F}, displacement {X}, and deformation {β} as the simultaneous unknowns. The governing equation of the total formulation is obtained by adding the flexibility formula [G]{F} = {β} to the equations of the mixed method.
The discussion to follow emphasizes only the force method (IFM) and the dual method (IFMD). The popular stiffness method is used to compare results. 
Solution fidelity.-The
Mechanical load τ applied along the free edge BC is 
The example has been used to provide a benchmark solution for finite element analysis. The analytical response, consisting of displacements u and v is as follows (ref. 
A finite element method solution was obtained using the IFM and stiffness method. A simple quadrilateral membrane element was used. The stiffness element had 8 displacement degrees of freedom. The IFM considered five force unknowns (ref . 5) The finite element solutions are given in table II. Ten finite elements were used along the y-coordinate direction to accommodate the variation of load and prescribed displacement given in equations (50) to (52). Along the x-coordinate direction, the number of elements was progressively changed from 2 to 20. A 70-element model for example, had 7 and 10 elements along the length and depth, respectively. Position on plate in figure 6 (a), x = 1 and y = -0.5 in. figure 6(b) , while the stiffness method converged to a stress value that retained a 1.5 percent residual error, even for a large model with 200 elements. For the 20-element model, the IFM/IFMD code yielded a displacement value of 43×10 -6 in. compared with the analytical solution of 46×10 -6 in. The stiffness method, for that model, yielded a displacement value of v B = 14×10 -6 in., which was only 30 percent of the analytical solution. For other, dense models the IFM/IFMD result coincided with the analytical solution as shown in figure 6(c) , while the stiffness method converged to a displacement value that retained a 6 percent residual error using the biggest model with 200 elements.
A plate flexure problem:
The rectangular plate under a concentrated load P = 1 kip, shown in figure 7(a) , was a finite element test problem. It was made of steel with Young's modulus E = 30 000 ksi, Poisson's ratio υ = 0.3, thickness t = 0.25 in., length a = 24 in., and width b = 12 in. It was clamped along all four edges. The analytical solution for the transverse displacement under the load was w P = 2.42×10 -3 in., and the moment at x = 0, y = b/2 was M B = 167 lbf-in./in. A four-node quadrilateral element (ref. 9) was used to solve the problem. Each node has 3 degrees of freedom consisting of a displacement and two rotations (w i , θ xi , θ yi ). A standard cubic polynomial with 12 unknowns was used to approximate the displacement function w(x,y). For the IFM/IFMD code, the force interpolation contained nine unknowns. Linear variation was considered for the normal moments M x and M y with four unknowns each, while the twisting moment was uniform across the element. The displacement and moment solutions for the plate are graphed in figures 7(b) and (c), respectively. Convergence was achieved for IFM/IFMD in displacement and moment for a model with eight elements. The stiffness method from two commercial codes were used. These methods required 64 or more elements for convergence with some residual errors.
Frequency analysis of a turboprop blade:
The turboprop blade, shown in figure 8(a) , was made of steel with a weight density of ρ = 0.289 lbf/in. 3 It had a spatial distribution of mass with a uniform thickness of 0.1 in. It was about 10 in. long and 4 in. wide at the midspan location. An eight-node brick element was used to calculate its frequency. The element had 24 degrees of freedom that correspond to three displacements at a node. The IFM element (ref. 22 ) used a total of 18 force unknowns: 4 for each normal stress and 2 for each shear stress. The brick element of a commercial code was comparable to the stiffness method of the IFM/Analyzers software. The frequency analysis results obtained by IFM/IFMD are given in table III. The convergence of frequency versus model size is shown in figure 8(b) . A logarithmic scale was used along the x-axis to accommodate the size of the large finite element models.
Solution from a commercial code is also included because the research-level IFM/Analyzers software cannot solve an figure 8(b) . The animation of the stress mode shape in IFM/IFMD (ref. 22 ) detected a stress concentration region in the same blade due to a small hole, which is qualitatively shown in figure 8(a) . Typically, stress mode shape is not available in the stiffness formulation.
Summary on Structures
For the three examples given in this paper and from solutions of many other problems it was observed that the IFM/IFMD produced high-fidelity solutions with a modest finite element model. The stiffness method required a very large model; even then the solution accuracy could not be guaranteed. The monopolistic dominance of the stiffness method can only be justified because we can solve a very large number of equations with a computer. The IFM/IFMD methods produced accurate stress, displacement, and frequency results even for modest finite element models because of their simultaneous emphasis on the equilibrium equations and the compatibility conditions. The stiffness method lacked precision because this method neglected the compatibility conditions, especially along the numerous boundaries of a finite element model. Even though the stiffness method may be preferred at present because of the availability of well-written software, the development of a commercial code based on IFM/IFMD should be initiated.
Design of Structures
Traditionally the concept developed to design a determinate structure is also used to design an indeterminate structure. Consider for example a determinate truss. The concept of fully stressed design (FSD) works very well for a determinate truss. Typically, the FSD concept is extended to design an indeterminate truss. This becomes problematic (ref. 13) because an indeterminate truss cannot be fully stressed. Rules to design a determinate structure should be modified prior to their application to an indeterminate structure. The compatibility conditions are key ingredients that should be accounted for the modification because the CCs imposed implicit constraints in the design of an indeterminate structure. It turns out the CC has considerable influence on the fully stressed and fully utilized designs as well as in the optimization methods. The implicit constraints are intrinsic to the design of an indeterminate structure and are independent of the choice of an analysis method used in the design calculations. The nature of the constraints is easily studied via the IFM, however. The rules thus generated should be adopted even when the stiffness method analysis tool is used in design calculations. Cilley (ref. 26) , in 1900 discussed some aspects of design of an indeterminate truss. Reinschmidt et al. (ref. 27) attempted an analytical explanation through an illustrative example. Gallagher and Zienkiewicz (ref. 28) has also touched upon the issue. Some of our observations on the topic are reported in references 13, 29, and 30. The central design issue is illustrated by considering truss examples.
Extension to indeterminate beams, framework, and other types of structures is straightforward, though it would require extensive algebraic manipulation. Both traditional design and optimization concepts are examined for an indeterminate truss, and the discussion is presented under three topics:
(1) Design for strength (2) Design for stiffness (3) Design optimization
Design for Strength
Design for strength attempts a full stress state for all members of the truss. Consider a truss with n bars. For all bars in the truss a full stress condition is defined as
where σ i is stress in the i th bar and σ 0 is the strength. A stress ratio rule yields the area A i of the i th truss bar as a ratio of member force F i to strength: A i = F i /σ 0 . The rule works well for a determinate truss but becomes problematic for an indeterminate truss. 
The formula in equation (56) can be extended to include buckling limitations. Consider the two-bar determinate truss shown in figure 9 (a). It is made of steel and is subjected to two load components, P x = 10 kip and P y = -20 kip. The bar force is linked to the cross-sectional area A through the yield stress as F 1 = σ 0 A 1 and F 2 = σ 0 A 2 . The IFM governing equation degenerates into the equilibrium equations. The EEs are modified to obtain the design.
The bar areas are determined from equation (57) 
S F P
Equation (58) An extension of the determinate design concept to an indeterminate structure returned with a zero area for the third bar. Furthermore, design and weight are identical for both determinate and indeterminate structures. This observation is not coincidental but is common to all indeterminate trusses. The implicit compatibility constraint distinguished between the designs of the determinate and indeterminate structures. This implicit compatibility constraint in deformation, force, and stress variables {β}, {F}, and {σ}, respectively, is as follows:
The compatibility constraint is violated (ref. 13) when a fully stressed state (σ 1 = σ 2 = σ 3 = σ 0 ) is attempted: σ 1 -σ 2 + σ 3 ⇒ 20 -20 + 20 ≠ 0. Because of the violation, a bar area of zero is obtained for the third bar (A 3 = 0) of the determinate truss. This observation can be extended for a general indeterminate truss with n bars and r redundant members. For such a truss (n, m) there are m = n -r equilibrium equations and r = n -m compatibility conditions. A fully stressed condition cannot be achieved for an indeterminate truss (n, m). An attempt to fully stress this truss would degenerate it to a determinate truss with areas of zero for r number of bars: A j = 0 where j = 1,…, r = n -m. 4.1.3 Linking of design variables.-The situation associated with bar areas of zero in the design of an indeterminate truss can be alleviated by linking the design variables. The number of independent variables must be reduced to m for an n-bar truss with r redundant members. For the three-bar truss (see fig. 9 (b)), we discuss two of several choices to link areas: link the areas of bar 1 and bar 3 ( The weight of the structure is increased to 71.5 or 63.8 lbf from the weight of 43.4 lbf for the determinate system, when areas are linked. Furthermore, the weight of the structure depends on the choice of the link strategy. For the three-bar truss, weight was increased by 65 percent from the determinate truss when areas A 1 and A 3 were linked. The increase was 47 percent for the link condition A 2 = A 3 .
The link strategy has considerable influence on the weight of the structure. However, it is not straightforward to determine the best link strategy. The bandwidth of the CC provides some analytical guidance to develop a link strategy. Consider for example the 20-bay truss shown in figure 10 . This truss has 101 members with 21 redundancies and 21 CCs. The bandwidth of the CCs are 6 for 20 of them and 20 for 1 of them. The bandwidth of six pertains to a bay in the truss; that is, the first bay has six bars (1 to 6). The areas of these six bars are candidates for linking. A simple strategy is to link the diagonal bars (A 3 = A 4 ). Likewise, link bars (A 8 = A 9 , A 13 = A 14 ,…, A 98 = A 99 ) for other bays. The remaining CC pertains to the 20 bars of the bottom chord. A simple strategy is to link all such bars (A 2 = A 7 = A 12 = … A 97 ). The compatibility bandwidth provided a guideline, but there is no unique strategy. It may be tempting to employ linear programming for the purpose. The stiffness method cannot provide a link strategy because of the nonavailability of the bandwidth of the CCs.
The CC explained why an indeterminate structure cannot be fully stressed. The bandwidth of the CC can be used to develop a linking strategy.
Design for Stiffness
Design for stiffness included displacement limitations in addition to the strength constraints. The design obtained for strength remained adequate if displacement became a passive constraint. The design has to be modified when displacement constraints become infeasible. The design can be prorated uniformly to satisfy the displacement limitations. The prorated technique can produce an overdesign condition because of an underutilization of the strength. The following discussion is an attempt to alleviate the overdesign condition.
4.2.1 Stress-displacement relationship.-Displacement and stress are dependent upon one another, regardless of the bar area of a truss. The dependency relationship (ref . 29) is derived for the three-bar truss shown in figure 5 .
The displacement and stress relationship can be generalized in the following formula:
The coefficients c jk are independent of the design variables, here bar areas. The actual number of displacement components X j in equation (61) depends on the column bandwidth of the equilibrium matrix [B] that is a small number. The maximum bandwidth is four for a two-dimensional truss. It is six for a space truss. In other words, a small number of displacements are related to a stress component. For the three-bar truss, displacement depended on one or two bar stresses.
One approach is to modify the stress allowable or strength for selected members using equation (61). Then proceed with the fully stressed design. Let us assume the design for strength obtained for the three-bar truss indicated a 15 percent violation on the limitation specified on the displacement component X 2 . From equation (60f) 
The rectangular matrix [J] , is replaced by [ ]
with appropriate modification to obtain a displacement formula as follows:
Equation (63) is manipulated to obtain an expression for the bar areas for displacement limitations as
Equation (64) is combined with equation (58) to obtain formulae for stress and displacement limitations:
The formulae in equation (65) are modified for computational efficiency and superior convergence characteristics to obtain a method called modified fully utilized design (MFUD). Discussion of the MFUD technique is given in reference 31 and is not repeated here. However, results for a set of nine problems are presented in table IV. Each problem is solved twice: first by a design optimization method and then by MFUD. Consider for example the design optimization of the 60-bar trussed ring. It was subjected to three load cases. It had 60 stress and 6 displacement constraints for each load case. The design problem was solved using MFUD and an optimization method using sequential unconstrained minimization technique (SUMT). The 60 bar areas were linked to obtain 25 design variables. For the MFUD method and SUMT algorithm, the optimum weights were 308.1 and 309 lbf, respectively. The active constraint set for MFUD method included 18 stresses and 1 displacement, against 11 stresses and 1 displacement for SUMT. The MFUD method generated a good design solution with few calculations. The other eight examples in table IV follow the pattern of the ring problem with minor variations.
Design Optimization
Because of dependent constraints, an optimization algorithm can encounter difficulty in reaching an optimal solution for an indeterminate structural design problem. For example, in an n-bar truss, r out of n bar stresses {σ} are dependent. Stresses are dependent because of the r compatibility conditions, which can be written as
The r×n matrix ⎡ ⎤ ⎣ ⎦ C is independent of the design variables.
Likewise stresses and displacements are dependent. The m = n -r number of displacements {X} are dependent on the n bar stresses:
is independent of the design variables.
In an optimization algorithm, the calculation of the search direction {d} requires the constraint gradient matrix [∇g] . An example of the use of the sensitivity matrix to generate the direction follows:
where
f is the objective function
The constraint dependency makes the matrix 4.3.1 Segregation of independent constraints.-The segregation of a set of independent constraints from all the specified set of constraints is straightforward though it adds extra calculations to optimization, which is already computationally intensive. The process is illustrated considering the three-bar truss as an example, see figure 9 (b). The problem has three design variables and five constraints. The constraint gradient or the design sensitivity matrix can be arranged as
A lower and upper triangular factorization can separate the two independent constraint gradients ∇σ 1 and ∇X 2 , which can be used to calculate the search direction. The factorization process has to be repeated before the calculation of each search direction because the values of the gradients depend on the current values of the design variables.
The singularity issue is illustrated considering the design optimization of the five-bar truss shown in figure 11(a) . Optimum solution is to be obtained for the minimum weight condition for stress and displacement constraints. A quadratic programming algorithm was used to solve the problem. The design solutions are graphed in figures 11(b) and (c) for two cases:
(1) Singularity is disregarded (see fig. 11(b) ). (2) Singularity is alleviated through a singular value decomposition (see fig. 11(c) ).
Design case 1, for which independent constraints were not separated, exhibited a wide variation in the weight, and it failed to converge. Case 2, which used independent constraints, converged to the optimum solution.
4.3.2 Approximate sensitivity.-Design sensitivity can be approximated for an indeterminate structure. The approximation alleviates the singularity condition. It also substantially reduces the number of calculations in structural optimization. The sensitivity matrix for the stress and displacement constraints for an n-bar truss with r redundant members is obtained by differentiating the IFM equations (ref. 33) . Consider the closed-form sensitivity matrix for stress. It has two distinct factors as follows:
The first factor with superscript "determinate" has to be used for both determinate and indeterminate trusses. The second factor with superscript "indeterminate" is applicable only to indeterminate structures.
The rank of the n×n sensitivity matrix [∇σ] is reduced to m = n -r. However, it has full rank n for the first term with superscript "determinate." It is also a diagonal matrix and requires a trivial amount of calculation. The second term, superscripted "indeterminate," is responsible for reducing the rank, and its generation is computationally intensive. The proposition is to use only the first term in equation (68).
The approximation process can be extended to the displacement constraint to obtain
The proposition is to retain the first term in the displacement sensitivity. The sensitivity expressions given in equations (68) and (69) should be adjusted for the allowable limits prior to their use in design optimization. The definitions of the symbols in equations (68) and (69) are as follows:
The elements of the diagonal matrix
The diagonal matrices 1 A , and F i , respectively.
The determinate factor in the sensitivity of displacement can be specialized for an n-bar indeterminate truss as
Calculation of the determinate sensitivity for the displacement essentially requires a back-substitution step with the factored form of the inverse of the [S] matrix. The inverse matrix calculated to generate force is available at this stage.
Sensitivities of both the stress and displacement contain the member forces {F} and the square of bar areas {A}. Even for an active displacement constraint, the design in essence is modified through the member force. The geometric parameters and material properties of the truss are not explicitly contained in the sensitivity expression for stress because it is a local variable. Because displacement is a global variable, its sensitivity expression explicitly contains the configuration parameters, the material properties, and the design variables.
The proposed approximate sensitivity of stress and displacement constraints alleviates the singularity condition in the design optimization of an indeterminate truss because the coefficient matrix in the determinate factor (see eqs. (68) and (69)) has a full rank. The optimum solution is reached with fewer calculations because the optimization process becomes more robust and the sensitivity is generated with a trivial amount of computations. The benefit that accrues from the use of approximate sensitivity is discussed in reference 32. Here, the performance of approximate sensitivity is illustrated considering the 20-bay truss shown in figure  10 as an example. The truss was subjected to three load cases. The first load case consisted of forces in the negative y-coordinate direction along the bottom chord nodes: -40 kip at the midspan and -1 kip at the other nodes. For the second load case, all the top chord nodes were subjected to a 3-kip force along the x-coordinate direction. For the third load case, all the bottom chord nodes were subjected to a -3-kip force along the negative x-coordinate direction. figure 12 display similar undulations. The SQP algorithm converged to the same solution for the determinate as well as for the analytical sensitivities. However, calculations with approximate sensitivities converged 590 percent faster than those with the closed-form gradients. The approximate sensitivity outperformed the analytical gradients in the design optimization problem for the truss.
Summary on Design
The compatibility condition considerably influences the design of an indeterminate structure because design is stress driven. Ignoring compatibility amounts to a brute-force approach that is not likely to produce a robust design that industry would use. The infeasibility of fully stressed design, singularity in optimization, and sensitivity calculations in structural design have been examined for truss-type structures. The same three issues should be examined for flexural members following the approach that has been established for the truss. The behavior study for flexural members is more difficult because stress varies along the member length and depth. Understanding the role of compatibility will provide an insight to behavior of flexural members, leading to a more robust design method. The neglected fully stressed (or utilized) design concept should be revived through use of the compatibility conditions because it has the potential to become an alternate tool for the design optimization method. It is simple and is practiced in industry. We have addressed modified fully utilized design (MFUD) in the stress and displacement constraints for truss design. From solution of many design problems, it is observed that properly formulated MFUD can match or quite often exceed the performance of optimization methods. MFUD should be extended to flexural members beginning with continuous beams and then frames with a variable depth member.
Concluding Remarks
The completed Beltrami-Michell formulation (CBMF), which is a tensorial approach in elasticity (with stress as its primary unknown), is presented. The tensorial method places simultaneous emphasis on the equilibrium equation and the compatibility condition. The displacement method and mixed method as well as the total formulation can be obtained from this method as specialized cases. Such methods become equivalent yielding identical solutions. Fidelity of the stress solution can be guaranteed when it is generated via the CBMF or methods derived from the CBMF.
A displacement method that is not derived from the CBMF but formulated independently from a consideration of the equilibrium equation should be examined for a compliance of the compatibility condition in the field and on the boundary.
The observations for the CBMF apply to the integrated force method (IFM) for discrete analysis because the internal force unknowns being stress resultants retain the seed of a tensor. That is, the IFM becomes a tensor type of method that emphasizes both stress equilibrium and strain compatibility to yield high-fidelity response even for a modest finite element model. The derived dual integrated force method (IFMD) displacement formulation, being equivalent to the IFM, retained the strength of the IFM. The IFMD should replace the popular stiffness method especially because a code based on the existing stiffness method can be changed to an IFMD code with a small amount of programming effort.
The equations of the IFM were used to formulate a fully utilized design method for stress and displacement constraints. The compatibility condition provides an insight to the behavior of an indeterminate structure, like the infeasibility of full stress design. It identified singularity in structural optimization, simplified the gradient of behavior constraints, alleviated singularity in structural optimization, and reduced computation time to solution.
The tensorial approach could not be developed earlier because the compatibility condition was not fully understood either in elasticity or in structures. The strain formulation cannot be ignored because the compatibility concept makes solid mechanics a research discipline that is practiced in academia and large research organizations throughout the world. Without the compatibility concept, the solid mechanics discipline would degenerate into a few determinate analysis courses in applied mathematics. The use of a fully developed strain formulation has allowed a free movement between different analysis methods and response variables (like force (stress) and displacement). High-speed computers are extremely helpful but cannot replace the strain formulation in elasticity and the compatibility conditions in structural mechanics. The vacuum created when the researchers knowledgeable in strain formulation retire may be difficult to fill. The premier academic and research institutions should encourage the study of the compatibility condition for both linear and nonlinear problems thereby completing the theory of the solid mechanics discipline. Step 5: The two constants (c 0 and c 1 ) are obtained from the traction and boundary compatibility conditions given by equations (C3) and (C4), respectively. 
Step 6: The stress solution is obtained from equations (C8), (C9), and (C11) as ( 
The stress solution is obtained without using the displacement boundary condition.
Step 7: Calculation of displacement involves the transformation of stress to strain. Strain is integrated to obtain displacement. The constant of integration is determined from the displacement boundary condition. Calculation of displacement become trivial for the axis-symmetric annular plate because of the simple strain-displacement relationship.
Stains ε r and ε θ are calculated from stress as (
